communications physics

A Nature Portfolio journal

Article

https://doi.org/10.1038/s42005-025-02417-2

Hierarchical equivariant graph neural
networks for forecasting collective motion
in vortex clusters and microswimmers
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Data-driven modeling of collective dynamics is a challenging problem because emergent phenomena
in multi-agent systems are often shaped by short- and long-range interactions among individuals. For
example, in bird flocks and fish schools, flow coupling plays a crucial role in emergent collective
behavior. Such collective motion can be modeled using graph neural networks (GNNs), but GNNs
struggle when graphs become large and often fail to capture long-range interactions. Here, we
construct hierarchical and equivariant GNNs, and show that these GNNs accurately predict local and
global behavior in systems with collective motion. As representative examples, we apply this approach
to simulations of clusters of point vortices and populations of microswimmers. In these systems, our
approach is more accurate and faster than a fully-connected GNN. Specifically, only our approach
conserves the Hamiltonian for the point vortices and only our approach predicts the transition from

aggregation to swirling for the microswimmers.

A wide range of non-living and living systems exhibit collective motion in
which emergent behavior appears from simple interaction laws'. Examples
include shaken metallic rods’, micromotors’, bacteria colonies*, birds
flocking’, and pedestrian dynamics’. Often, the interaction laws dictating
these systems are unknown, making them an ideal candidate for data-driven
modeling. However, although many data-driven methods exist for fore-
casting dynamics, including recurrent neural networks’, neural ODEs’, and
reservoir computing’, which have proven effective in chaotic systems'*™",
turbulent fluid flows'*"*, and weather forecasting'®', these methods are not
suited for learning the interaction laws that lead to emergent collective
phenomena in multi-agent systems. Here, to overcome these challenges, we
propose the use of graph neural networks (GNN) that account for the
hierarchical and equivariant nature of many collective dynamics systems.

GNNs are popular in modeling multi-agent systems and simulations
on unstructured grids because the number of agents in the graph can vary,
and the spatial relationship between agents can be incorporated into the
graph. For example, GNNs have been used in particle-based physics
simulations'®"” of Lagrangian fluid simulations” and granular flows™'. Xiong
etal.”” extended these ideas to vortex datasets by using a detection network to
identify vortices and then forecasting the detected vortices using a GNN
similar to Battaglia et al.”’. Another use of GNNs for fluid simulations is for
mesh-based models™, by treating each grid point as a node in a graph. Peng
et al.”” applied GNNs for reduced-order modeling of convex channel flow
and expansion flows.

Standard GNNs are purely data-driven and must learn physical
properties from that data, which presents a challenge if these properties
must be exactly satisfied. One such property in many physical systems is
symmetry. For example, the dynamics of fluid in a straight pipe are
equivariant to rotations and reflections and invariant to translations down
the pipe”®. A function is equivariant when an action on the input of the
function has a corresponding action on the output that makes the two
equivalent. Exactly satisfying these properties in data-driven tools presents a
major challenge. Many GNN methods present specific architectures to
guarantee types of equivariance such as E(3) equivariance””, E(n)
equivariance”, steerable E(3)-equivariant’®”', and SE(3)-equivariance®.
These types of methods have also been combined with other popular
methods like neural ODEs™ and transformers™** for multi-agent problems.
Furthermore, equivariant GNNs have been applied to irregular meshes for
fluid simulations™”’.

Most of these methods account for equivariance by using specific
choices of the GNN architecture. Alternatively, equivariance can be
enforced by mapping the data to an invariant space and mapping the
resulting output back. This has the advantage of enforcing that any GNN
structure guarantees equivariance. We will perform this mapping by
modifying a method based on principal component analysis (PCA)* to
address the sign ambiguity problem discussed in ref. 39.

Although the GNN approaches have been used in many problems, less
effort has been put toward data-driven modeling of collective motion
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problems where long-range order appears. Wang et al.*’ used GNNs
to predict an order parameter in the Vicsek model*, but did not perform time
forecasting. Heras et al.** used deep attention networks and videos of zeb-
rafish to predict the likelihood of a zebrafish turning right after some
time. They further used these results to infer interaction rules between
fish. For predicting the time-evolution of collective dynamics problems,
Ha and Jeong” developed a method called AgentNet, similar to graph
attention networks®, which they used to predict the dynamics of cellular
automata, the Vicsek model, active Ornstein-Uhlenbeck particles, and bird
flocking.

In what follows, we show the importance of using a hierarchy of local
and global graphs and of enforcing equivariance when forecasting collective
motion problems that exhibit long-range order. We focus on collective
motion examples where long-range interactions play an important role. This
differs from systems, like the Viscek model, where long-range order emerges
from only local interactions. Importantly, our framework is agnostic to the
details of the GNN, making it widely applicable. We test this method on two

a) Fully Connected
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Fig. 1 | Types of graphs. a The fully-connected graph connects every node to every
other node. b The hierarchical graph connects all nearby edges in a local graph (solid
lines) and aggregates long-range properties in a global graph (dashed lines). Squares
denote aggregated long-range properties. ¢ The equivariant graph contains the same
connections as either of the two graphs, but maps the nodes to a rotation-invariant
reference frame (light colors) based on the angle 6. Nodes of the same color interact
locally.

problems that show the breadth of applicability of our approach: clusters of
point vortices and microswimmers. The first represents an example of a
large-scale conservative system, the second represents an example of an out-
of-equilibrium, non-conservative, active system. In the first one, interactions
decay as 1/r, in the second, interactions decay as 1/ . The latter exhibits a
bifurcation as a function of the control parameter. We find that our approach
outperforms a fully-connected GNN at predicting short-time tracking and
long-time statistical quantities. For the point vortices, our approach more
closely conserves the Hamiltonian, and, for the microswimmers, our
approach correctly predicts the aggregation to swirling transition.

Results

Graph neural networks for collective motion

Many systems that exhibit collective motion can be modeled with a system
of ordinary differential equations (ODE)

dr;
=t

LX) r N )7 (1)
where r;(t) € R are the properties of agent i of N agents. As mentioned in
the introduction, Eq. (1) may not always be known. Thus, we aim to
approximate Eq. (1) directly from data. In particular, we aim to approximate
Eq. (1) by training a method that predicts the right-hand side of the ODE

& -
E:fi(rla"'arN;G)a (2)

where ~ indicates an approximation, to minimize the loss given by

2
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InEq. (2), 0 corresponds to the training parameters of the data-driven model
that are updated to minimize the loss over a batch of M data points. Here, we
construct Eq. (2) using graph neural networks. GNNs are a class of data-
driven methods that apply neural networks to graph data. A graph
G =(V, E) consists of a set of nodes (vertices) V = {v}, v, ..., ¥n} connected
byedges E={e; 1,€1 ..., exn}"- On this graph, we define node weights (i.e.,
signals)n, : V — R and edge weights W, j o E — R.These edge weights
are also known as the weighted adjacency matrix. They are used to construct
the normalized graph Laplacian L =I—-D""?WD™"?, where D;; =Y, W;; is
the diagonal degree matrix and I is the identity. Here, we consider
undirected graphs, which results in a symmetric adjacency matrix, allowing
us to write the graph Laplacian in this form. The eigenvectors of the
normalized graph Laplacian are known as graph Fourier modes, which
enable us to perform graph convolutions™.

Our objective is to perform a series of GNN operations to map from a
set of initial graphs whose nodal values contain information on properties of
the agents r; to a final graph whose nodal values output the estimated
dynamics dr;/d¢. Similar to deep convolutional neural networks, we per-
form this mapping through graph convolutions in which we expand the
nodal values of the graph from n; € R? to graphs with nodal values
h?) € R%. We repeat this process for multiple layers, and end by mapping
the Kth graph h{ € R to the output 0, € R% which predicts df,/dz. In
this process, we introduce nonlinearity after each graph convolution
operation through an activation function, and we compute edge weights
based on the distance between nodes. In the “Graph convolutions” sub-
section of the “Methods” section, we describe these operations in more detail.

A key factor in the performance of the GNN is how the graphs are
constructed. Figure 1 presents three styles of graph construction. One
approach is to generate a fully connected graph with the agents’ properties
n; =r;. Unfortunately, this graph construction results in an expensive for-
ward pass of the GNN because the network is dense, and hinders training as
the GNN must learn which connections are more or less important.
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Fig. 2 | Hierarchical and equivariant graph neural networks. Illustrates the four
steps a—d in the method using the point vortex problem. Solid lines are local edges
for the local graph (Gy), dashed lines are global edges for the global graph (G;), and
the angle for enforcing equivariance to rotations is 6. The three colors correspond to

different local graphs, where circular nodes contain agent properties and square
nodes contain aggregated properties. Dark colors lie in the original space, and light
colors lie in the invariant subspace.

Another approach is to generate a graph in which only local connections
within some radius R (or k-nearest neighbors) are retained. This approach
reduces the computational cost by removing unimportant connections, but
could omit the importance of many weak long-range interactions. Instead of
adopting these approaches, we construct a hierarchy of local G; (short-range
interactions) and global G, (long-range interactions) graphs. The advantage
of this approach is that it accounts for long-range interactions while
decreasing computational costs and improving training performance.
While here we only consider constructing a hierarchy of graphs at two
scales, the approach easily extends to graphs at more scales by performing
the graph convolutions at each scale.

Enforcing equivariance

Consistent with the physical properties of the collective dynamics, the
GNNss should retain invariance to translations and equivariance to rota-
tions. For our GNN to satisfy these properties for some abstract group
g € G, then for some group action T on the input, there exists a group
action on the output S, that satisfies

Se(Flry, ... 115 0) = £(Ty(Iry, ..., xy]); ). 4

For illustrative purposes, consider the case where the agents’ properties
correspond to the agents’ location in two dimensions (i.e., r; = [x;, y,]"). In
this case, the translation operation on the input is
Ty(r)=[x;+ 8,7+ gy]T, and the translation operation on the output S,
is the identity (this is also known as invariance). When all the agents
translate by some fixed amount, there is no change in the vector field. We
can also write out the rotation operation on the input as

(©)

T.(r) = R(O,)r, = [cos(eg) —sin(eg)} {x,}
gyt g/t ,

sin(6,)  cos(6,) ¥;

which is equivalent to rotating the vector field, instead of the input,
with S,(£;(x;; 6)) = R(6,)f(x;; 0).

To enforce equivariance to rotations and invariance to translations, we
must either design a GNN that satisfies Eq. (4) by construction or we must
map the input to an invariant subspace t;, and then apply the appropriate
actions to the output. We take the latter approach as it enforces equivariance
with any GNN structure. This approach is often taken to map the solutions
of partial differential equations, with continuous spatial symmetry, to an
invariant subspace using the method-of-slices*.

The objective when defining a translation and rotation invariant state
representation ¥; = Z(r;) is to find a mapping such that t; does not change
for any T,. This can be achieved by defining t; = R(—0,)(r; — r_), where r,
is a point in space that we center the data about, and 6, is a unique phase.
Both r.and 0. depend on [r;, ..., rn]. Then, if we approximate the dynamics
with

= (1 0) = ROIE G 0), ©)
we guarantee that f; will automatically satisfy Eq. (4) regardless of the GNN
we use for f;. We discuss the specific methods for computing r. and 6. when
describing our test cases.

We summarize the steps for our hierarchical equivariant GNN (HE-
GNN) in Fig. 2: (a) construct a hierarchy of local and global graphs (G and
Gy), (b) map the graph to a rotational and translational invariant subspace
by centering the data and rotating by 6., (c) input the rotational and
translational invarjant graphs into a GNN, and (d) rotate the output of the
GNN back (to the original orientation for forecasting). We perform the
same GNN operations on the local and global graphs. In what follows, we
demonstrate the capability of the HE-GNN method to predict the collective
dynamics of point vortices and microswimmers. All results shown are on
test datasets not used during the GNN training.

We consider these two example problems because they are important
problems for fluid mechanics and biological collective motion, and the
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Fig. 3 | Vortex trajectories. Vortex dynamics given by a the reference solution, b the hierarchical and equivariant GNN, and c the fully-connected GNN. The triangles and
circles indicate the initial (= 0) and final (¢ = 100) positions. Colors differentiate clusters.

characteristics of both problems encompass a wide range of other collective
motion problems. Both of these systems exhibit macroscale dynamics that
necessitate our approach, but there are key differences in defining the
hierarchy of graphs and in enforcing equivariance. The graphs are defined
differently because the point vortices are clustered and the clusters are time-
invariant, whereas the microswimmers do not necessarily contain well-
defined clusters. Equivariance is enforced differently because the point
vortices do not have an azimuthal orientation, whereas each of the micro-
swimmers has an orientation.

Point vortices

First, we test our model on predicting the dynamics of clusters of point
vortices. This is an important application for fluid dynamics problems
because many complex flow phenomena can be modeled using vortex
methods, including separated flows”, the flow around wind turbines™, and
free jet flows'. A review of these methods can be found in refs. 52,53. In
these flows, large-scale structures can be well-represented by the interactions
of many point vortices; thus, we test our model on predicting the dynamics
of clusters of vortices that are governed by the Biot-Savart law™. We
investigate the interactions of vortex clusters (clouds) by generating two to
five clusters, each with 10-20 vortices randomly placed within a cluster, for
both training and testing. Each vortex has a randomly chosen positive
strength (circulation) and position within a cluster. Due to one-sided
strength and the initial cluster spacing, the clusters stay coherent for long
periods of time. We chose these settings to parallel the sparse network
methods used in refs. 55,56 on these datasets. Furthermore, it is common to
see coherent vortices for extended periods of time in many fluid flows, such
as homogeneous isotropic turbulence, flow over a bluff body, and two-
dimensional mixing layers. Figure 3d shows example trajectories of this
system with five clusters.

We predict the evolution of each vortex cluster using the same GNN.
The nodal values n; of the local graph G; correspond to the vortex position
and strength (y;), such thatn; = [x;, y;, y;]". In this dataset, we do not vary y
over time, so the GNN only forecasts the dynamics of the vortex position
(ie. [dx;/dt, dy,/df]" = £4G), Gg; 0)). The method can account for y; that
varies in time, but we consider a dataset where this is not the case for
consistency with>.

The nodal values of the global graph Ggaren; = [x;, y;, y;]" inside the
local cluster and the average position and sum of strength outside of the
local clustern; = [{x), () . D_keC, yk]T, where C; is the set of indices for
one of the clusters outside of the local cluster and (-) is the average value
within cluster C;. Figure 2 shows the local graph with solid lines and the
global graph with dotted lines. In the local graph, we connect all nodes,
and in the global graph, we connect all the local nodes to the global nodes.

]T

This is a simple way of defining edges in the graphs, but many other
approaches work. For example, if the clusters are large, connections in the
local graph could be determined by a radius or k-nearest neighbors.
Additionally, we define the adjacency matrix to consist of weights W;; = 1/
||x,-ij||2. We also tested W;; = 1/[|x;—x;||, which had around two times
greater error. To map to the rotation-translation invariant subspace, we
center about the mean r. = (1/N)} ;. I;» where N is the number of
points in the local cluster and C, are the indices of points in the local
cluster. We then define the angle 6, based on the angle of the principal
components of the local cluster, similar to Xiao et al.*®. We describe how
we compute this angle in more detail in the “Determining the rotation
angle” subsection of the “Methods” section.

With these graphs, we use standard neural network optimization
procedures to update the weights of the GNN to minimize the loss in Eq. (3).
All models use the same training data, which consists of multiple time series
of two to five clusters of 10-20 vortices. We detail the GNN architecture and
dataset in the “Point vortices” subsection of the “Methods” section. Fol-
lowing model training, we compute trajectories of the model by evolving an
initial condition forward using the GNN ODE with the same ODE solver
used in generating test data. We then compare the model trajectories with
unseen test data.

We first validate the model performance by comparing the model
trajectories to an example trajectory in Fig. 3. The example trajectory
appears in Fig. 3d, the HE-GNN model trajectory appears in Fig. 3e, and the
fully connected GNN (F-GNN) trajectory appears in Fig. 3f. The F-GNNis a
single GNN that uses all edge weights between vortices. This graph is cen-
tered by the mean of all the centroids, but does not account for rotational
equivariance. The HE-GNN accurately tracks the centroid locations of the
test data, whereas the F-GNN dramatically diverges from the test data.
Although in theory, the fully connected model should be able to track the
test data, the training performance of the fully connected model is much
worse because the hierarchical and equivariant properties of the system
must be learned during training, whereas these properties are directly
enforced in the HE-GNN model.

Now that we have shown in Fig. 3 that qualitatively the vortex clusters
appear to align with one another, we next show how accurate this centroid
tracking is as we vary the GNN model and the number of clusters. We
examine the centroid tracking because we are interested in the collective
dynamics of the vortices, but not necessarily how accurately we track each
and every vortex. Figure 4 shows the efficacy of different GNN models in
tracking the centroid location for two, three, four, and five clusters. The
three models we compare include a fully-connected GNN, a hierarchical
GNN (H-GNN), and a HE-GNN. The H-GNN does not account for
rotational equivariance, but is centered, and otherwise matches the setup
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Fig. 4 | Centroid trajectories. Trajectories for cases with a two, b three, ¢ four, and d five clusters from test simulations and GNN models. These are from randomly selected
trials. The triangles and circles indicate the initial and final positions. The final position is at t = [200, 200, 160, 110] for a-d, respectively.

of the HE-GNN. In Fig. 4, the hierarchical models do not diverge, whereas
the F-GNN diverges with two and five clusters. Furthermore, the hier-
archical models show similar errors as the number of clusters varies,
despite the additional complexity and network size with more clusters.
However, Fig. 4 shows a clear improvement in performance when
accounting for equivariance, highlighting the advantage of our HE-GNN
approach.

We further validate the efficacy of the HE-GNN model by considering
the tracking performance ensemble averaged over 50 different test initial
conditions. These initial conditions vary the cluster count, the centroid
locations, the vortex locations, and the vortex strength. To perform this
averaging, we need a proper notion of time. When vortex clusters are close
together, or there are many vortex clusters, the clusters move faster than
when the clusters are far apart, or there are fewer clusters. To account for
this, we compute the timescale t = D/ Usvg Where D is the cluster diameter
and U, is the average centroid velocity. This timescale indicates the average
time required for a cluster to travel one diameter. We evolved each initial
condition forward to t = 200, which results in ¢/t ranging from 7.4 to 39.5,
depending on the initial condition.

The ensemble-averaged centroid tracking, vortex tracking, and
Hamiltonian conservation are shown in Fig. 5. The centroid tracking error
supports the results shown in Fig. 4. The HE-GNN substantially outper-
forms both the F-GNN and the H-GNN. At short times, the models differ in
the rate at which the error increases in the three models, and, at long times,
the solutions from the F-GNN diverge, while the H-GNN exhibits a larger
variance than the HE-GNN. Although the centroid tracking is improved by
the HE-GNN (Fig. 5b), the tracking of individual agents is similar between
all three models. This error plateaus for the HE-GNN and grows for the
other two models. These two results highlight that the HE-GNN accurately

captures the collective motion of the centroids, but all models perform
similarly in the instantaneous tracking of vortices.

Another crucial quantity in correctly capturing the physics of this
problem is the Hamiltonian

N
H=1 > ylog(il—xl). 7

ij=1,i%f

This quantity is conserved and depends on all interactions, making it an
important test for validating the models. Failure to conserve the Hamilto-
nian indicates that energy is being injected or dissipated from the system.
Figure 5c shows the normalized error in the Hamiltonian. The F-GNN
quickly diverges, which also causes the Hamiltonian to diverge because the
vortex distances become large. The addition of hierarchy successfully avoids
this divergence and leads to much less error in the Hamiltonian. Again, the
H-GNN improves upon the F-GNN, and the HE-GNN model shows the
best results. The HE-GNN model, on average, only has ~1% error in the
Hamiltonian after moving an average distance of over six diameters away,
which confirms the importance of embedding equivarience in the GNN
formulation.

Next, we show how frequently models fail at long times. In Fig. 5d we
plot the fraction of trials at t = 200 where the agent-averaged error is >e given
by

1 & .
NZ%;I(<I|xi_Xi||>j>€)’ ®
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Fig. 5 | Tracking error. Ensemble-averaged tracking error of a centroid position (c;) and b vortex position (x;). ¢ normalized ensemble-averaged error in the Hamiltonian
(H). d fraction of trials with agent-averaged error greater than e (V). Shading indicates the standard deviation.

y (v =-1.0)

—25
z (Ref.)

Fig. 6 | Graphs for microswimmers. a Construction of the local (solid line) and

global graphs (dotted line) for microswimmers. Blue nodes are in the local graph,
red nodes are in the global graph, and black nodes are the agents that were aggre-
gated. b—d show examples of the long-time dynamics (¢ = 100) for the test data with

25

0
z (HE-GNN)

25
z (F-GNN)
rotational mobility coefficient v = —1.0, the HE-GNN model, and the F-GNN

model, respectively. The microswimmer’s colors in b-d are for consistency with
other figures.

where [ is the indicator function. We end this plot at € =6 because the
F-GNN line plateaus until € >400. This shows that more than 60% of the
F-GNN models diverge, whereas none of the hierarchical models diverge in
this time window. The HE-GNN also outperforms all models once again.

Microswimmers

Next, we test the HE-GNN setup on the dynamics of microswimmers in a
doubly periodic domain. These microswimmers move due to a combination
of self-propulsion and hydrodynamic interactions. Hydrodynamic

interaction plays a dominant role in the collective behaviors of micro-
swimmers and has been considered with Stokesian dynam1cs” 58 potential
flow models™ %, and lubrication theory®’. One common property of these
models is the superposition of the flow field generated by each swimmer.
Here, we considered a potential dipole model, which we describe in detail in
the “Microswimmers” subsection of the “Methods” section. Predicting the
far-field all-to-all interaction is challenging because there is no inherent
graph structure in the model. This differs from how we could approach local
behavior models like the Vicsek model or the 3A model"***, where we
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could restrict our model to local networks. Furthermore, the inclusion of
periodic boundary conditions is both more realistic in that it approximates a
large number of microswimmers, and more challenging because of the
infinitely far long-range interactions. Thus, this microswimmer model
allows us to test whether aggregating long-range interactions with our
hierarchical approach can capture these far-field effects.

For the microswimmers, our macroscopic property of interest is the
phase transition from aggregation to swirling motion as we vary the
microswimmers rotational mobility coefficient v. There is no rotation of
microswimmers at v=0. Above v=0 the system exhibits swirling, and
below v=0 the system exhibits aggregation®’. The microswimmers have
clearly defined orientation angles, but do not have a clearly defined hier-
archical structure because the swimmers do not always lie within a distinct
cluster. We address this issue by defining a local and global graph for every
microswimmer.

The local graph consists of connections between the microswimmer
whose dynamics we want to predict and all other microswimmers within a
radius R;. We also tested fully connecting all microswimmers inside the
circle of radius Ry, which increased computation time and did not improve
predictive capabilities. Outside of this region, we aggregate the effect of
many microswimmers to create a global graph. Here, we define a second
region between R; and R, and split this region into S=12 slices. Within
these slices, we average the microswimmer properties for the global graph.
Figure 6a shows an example of the connectivity of the local and global
graphs. We will show the benefits of incorporating a hierarchical structure
into the model. We will not show all of the possible ways one could construct
a global graph. However, one alternative could be to perform K-means
clustering to identify relevant regions instead of segmenting the domain into
predefined regions. We will consider fixing the radii (R; and R;) first, and
then vary them at the end of this section.

y (v=-0.5)

y (v=0.5)

0.5)

y (v=

Fig. 7 | Varying rotational mobility coefficient. Snapshots of microswimmers at
various rotational mobility coefficients (v). Test data is in black and HE-GNN
prediction is in blue. a and b begin from the same random initial condition discussed

in the “Microswimmers” subsection of “Methods” section. ¢ Is a time series starting
from the end condition of a with a different rotational mobility coefficient.
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The microswimmers have orientations a; that vary with time. As such,
we define agent properties r; = [x;, y;, &;]". We do not include v as an agent
property because we fix this parameter for each case. For the local graph G,
thenodal valuesaren; = [x;, y;, cos(«;), sin(oc,»)]T. We use cos(«) and sin(«)
so that the GNN output changes continuously. Otherwise, the GNN output
would be discontinuous as « varies outside 0 to 27. For the global graph G,,
we use nodal properties n; = [(x)s,, <y>s , <cos(o¢i)>s , <sin(oci)>s U] s
where (-) s is the average of all agents in slice S;and (U) is the magnitude of
the vector assuming all agents have a magnitude of 1. We define the adja-
cency matrix based on the distance between the central agent (i) and the
other j agents W;; = 1/||x,—xj||’ for the local graph, and between the central
agent and the mean locations W;; = 1/1]x; — (x) s | |* for the global graph.
Finally, we enforce equivariance by centering both the local and global
graphs about the central (/) microswimmer (r. = r;) and rotating the graphs
such that this microswimmer has an angle of 0 (6, = —«;).

As all microswimmers have the same value of P we incorporate v into
the GNN by appending it onto h;(K) = [, th)] , and then predicting
dr;/dt by inputting h;( ) through a dense neural network. We train the
GNN models using a dataset that contains 21 trajectories, each with 400
microswimmers initialized randomly. Each trajectory has a different
mobility coefficient v evenly sampled between —1 and 1, so the training
contains the transition to aggregation and swirling. Our objective is to
construct a GNN that captures both of these behaviors. We again use
standard neural network optimization procedures to train GNNs (archi-
tectures described in the “Microswimmers” subsection of the “Methods”
section) to minimize the loss in Eq. (3).

First, we investigate the efficacy of the HE-GNN model in comparison
to a fully-connected GNN model. In the F-GNN, we connect all swimmers
in the periodic box and use their shortest distance across all boundaries for
computing the edge weights. We perform the same graph convolutions as in
the local portion of the HE-GNN model and append v in the same fashion.
Figure 6 compares the state of the microswimmers after evolving from a
random initial condition for 100 time units, for the case of strong aggre-
gation. The HE-GNN model correctly predicts the strong aggregation
behavior, while the F-GNN fails to aggregate.

Next, we test the ability of the HE-GNN model to capture the phase
change and the sensitivity of the HE-GNN model to new initial conditions.
Figure 7a and b compare time series of microswimmers from the test data
and the HE-GNN model at v=—0.5 and v = 0.5, respectively. This HE-
GNN model uses R; =20 and R, =30. At short times, the model closely
tracks the location and orientation of the microswimmers, and, at long
times, the model captures the aggregation (v = —0.5) and swirling (v=0.5)
of the microswimmers. Furthermore, the HE-GNN model is insensitive to
the initial condition. Figure 7c shows trajectories starting from the final
condition of Fig. 7a with v = 0.5. Here, the aggregation structures begin to
disassemble and transition towards swirling dynamics. This type of
dynamics does not exist in the training dataset. Despite this, the model
accurately captures the rate at which microswimmers expand out of the
clusters at short times and the swirling motion at long times.

These results show that the HE-GNN model successfully captures the
transient dynamics of the microswimmers and predicts the correct phase
behavior. We can quantify these results by comparing the microswimmer
velocity v; = ||[dx;/d¢, dy;/dt]|| and of the rotational activity parameter x =
(1/N)S"X,|da;/dt| /v; between test and HE-GNN predicted time series.
Figure 8 shows the probability density function F( - ) (PDF) of the micro-
swimmer velocity and of the rotational activity parameter for test data
covering the first 100 time units (the PDF includes transient data). Cap-
turing the transient dynamics is more challenging than initializing the HE-
GNN model with trajectories that have already converged to the long-time
dynamics. We consider these statistics because the aggregation and swirling
clearly separate with these PDFs—which will not be the case for other order
parameters we consider. When v is negative, the microswimmers aggregate,
hindering motion and resulting in low values of v;. When v is positive, the
microswimmers take on a wider range of v; values, which is dictated by
repeated hydrodynamic and steric interactions. Both the test data and the

Fig. 8 | Activity parameters. PDFs (F) of a velocity (v) and b rotational activity
parameter (k) at various rotational mobility coefficients (v). The solid line is test data,
and the dashed line is the HE-GNN model.

HE-GNN model give PDFs with averages v>1 when v is large. The
hydrodynamic interactions in the swirling motion assist microswimmers to
move faster than without microswimmers (where v = 1), which the HE-
GNN model accurately captures. The PDF of « is more difficult to capture
because this quantity is averaged over all microswimmers at a given time.
Moreover, the set of PDFs ranges multiple orders of magnitude, as illu-
strated by the logscale. Again, the ¥ PDF of the HE-GNN model is in good
quantitative agreement with the x PDF of the test data. Here, we have shown
that the HE-GNN model accurately captures the phase transition,

Next, we investigate the importance of hierarchy and equivariance by
testing a local GNN and a hierarchical GNN. We set the radius to R; =20
and R, = 30. The local GNN (L-GNN) is centered and uses a local graph in
radius R;. The hierarchical GNN (H-GNN) differs from the HE-GNN in
that it does not account for rotational equivariance. Figure 9a—c shows
snapshots of these three approaches at long times for v = 0.2. While the HE-
GNN model retains the correct swirling dynamics (the only dynamics that
appear for v=0.2), the H-GNN and L-GNN models cause the micro-
swimmers to align. This shows that, when we evolve trajectories for time
horizons longer than those used in training, the physical insight enforced in
the HE-GNN is important to avoid the incorrect collective behavior. Fur-
thermore, although the alignment exhibited by the H-GNN and L-GNN is
inaccurate in this parameter regime, it indicates that the GNN models are
capable of exhibiting other forms of collective motion, which is desirable for
systems with more than the two phases shown here.

This alignment can be identified by computing the polar order para-
meter

: ©)

1
(P) =

N
Z eiaj(t)
j=1

When (P) = 1 swimmers are aligned and when (P) = 0 swimmers are
oriented randomly. In Fig. 9d-f, we show the time evolution of the polar
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Fig. 9 | Long-time forecasting. Snapshots of microswimmers predicted using the
a HE-GNN, b H-GNN, and ¢ L-GNN at the markers shown in (f). The micro-
swimmers' colors correspond to the colors in (d—f). Time series of the polar order

parameter ((P)) are shown for the rotational mobility coefficientsd v=0,e v=0.2,
and f v = 0.5 using the different GNN models. Each model type has three trajectories
from three separately trained models.

order parameter for each style of model as v varies. We consider this
parameter over 1000 time units, which is 10 times longer than the training
data, to examine if model statistics diverge at long times. As shown in Tsang
and Kanso"', aggregation happens over short time scales, and the polar order
parameter is statistically stationary for more than 3000 time units, so longer
simulations are unlikely to exhibit a phase change. It is important that we
make this comparison using the polar order parameter because the
unphysical alignment exhibited by the H-GNN and L-GNN models cannot
be identified when considering the velocity or the rotational activity
parameter.

For v <0 (not shown), the microswimmers exhibit aggregation in all
models, and all models predict low values of (P). Adding hierarchical and
equivariant information is less important during aggregation. Aggregated
microswimmers are largely influenced by the local interactions within a
cluster, which makes accounting for long-range interactions less important.
Also, the clusters that do form are circular, making them approximately
rotation invariant. Thus, accounting for equivariance is also less important.

Significant differences appear between the models for v >0 because
long-range interactions influence the swirling motion exhibited by the
microswimmers. When v = 0, the microswimmers do not rotate (i.e., the
polar order stays constant). All three HE-GNN models maintain a nearly
constant polar order, whereas the other models develop a small bias, leading
to an increase in the polar order at long times. The best hierarchical model
maintains a nearly constant polar order, while the local models all diverge
substantially.

For higher values of v, the deviations from the test data become larger.
We show v = 0.2 because the models deviate the most at this value, and we
show v = 0.5 for consistency with Fig. 7. The results are similar in both the

v=0.2 and 0.5 cases. Only the HE-GNN model maintains low polar order
for all the models (with slightly higher values for v = 0.2). All other models
align sometime after 100 time units. The long-time behavior is inconsistent
among the other models (i.e., not HE-GNN) because once the alignment
increases, the trajectory moves outside of states similar to the training data,
making the model predictions poor. Notably, the best H-GNN models track
longer than the local models, indicating that the hierarchy of graphs can
improve results, and all models output reasonable polar order for the first
100 time units, indicating that the strong alignment happens at longer time
ranges than seen in the training data.

We end this section by investigating the importance of the radii (R; and
R,) on model performance. Here, we fix the radius of the global graph to be
R, =R, + 10. In all the comparisons, we train three models at each value of
R;.InFig. 10a, we show the mean-squared error of predicting dr/dt (Eq. (3)).
All models tend to improve as the radius increases to R, = 20. However, once
we increase the radius of the local model further, the error increases, likely
due to the additional complexity of training with these larger graphs. In most
cases, we see a decrease in model error at a given radius when we increase
model complexity, indicating that both the hierarchical and equivariant
portions of the HE-GNN model play an important role in model
performance.

To investigate the effect that this error has on tracking performance, we
compute the ensemble-averaged prediction time

T, = argmax, {tf|<||x(t)— »(t)||><e,VtStf}. (10)
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Fig. 10 | Ensembled-averaged statistics. Performance of models when varying the
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between polar order PDFs ((EMD)), and d the relative compute time (relative to
L-GNN R, =5). Each model type shows results for three separately trained models at
each R;.

This corresponds to when the average distance between the true and pre-
dicted swimmer increases past some distance € for the first time. Here, we
denote the microswimmer position as x; instead of x; due to how we account
for the periodic boundaries. If we used the microswimmer position between
—Land L, there could be alarge jump in x,(¢) — X,(¢) if the swimmer crosses
the boundary with the true ODE, but not with the model. To address this, x;
corresponds to the position if we did not map the location back across the
periodic boundary. Figure 10b shows the ensemble-averaged prediction
time for € = 1. For this plot, we sample 10 initial conditions (every 50 time
units) from the test trajectories for all values of v > 0. We omit v < 0 because
the aggregation leads to long tracking times that skew the results. The
prediction time increases as we increase the radius and the model
complexity. At R; = 20, the HE-GNN model performs the best and can
track for 10 time units. Once the radius becomes too large, the tracking time
starts to decrease for the local model. Bacterial swarming is known to be
chaotic and is often referred to as active turbulence”. The chaotic nature of
these systems means that trajectories diverge exponentially fast. This
prevents long-time tracking and partially explains why the improvement in
MSE of a GNN does not directly reflect in the ensemble-averaged prediction
time. For example, the MSE of the L-GNN at R; = 30 is ~4 times larger than
the HE-GNN at R; =20, yet the HE-GNN only has ~1.5 time units
improvement in T,

The previous two statistics evaluated instantaneous and short-time
tracking of the models. To evaluate the long-time predictive capabilities, we
compute the earth mover’s distance (EMD)*” between the PDFs of the polar
order parameter of the test data F({P)) and the model F( (P)) and average
over all values of v for (EMD). We perform this calculation for the first 500
time units of data. This concisely evaluates the accuracy of the polar order
time series we showed in Fig. 9. The EMD is insensitive to binning and small

shifts in the PDFs (unlike the Kullback-Leibler divergence), making it
appropriate for this comparison. We compute the EMD by solving a
transportation problem in which we find the flow that minimizes the work
required to move some “supply” to some “demand”. In this case, the supply
corresponds to the true PDF and the demand corresponds to the model
PDF, and the work is the flow multiplied by the Euclidean distance between
bins in the PDFs. We computed the PDFs with 200 evenly spaced bins
between 0 and 1.

Figure 10 ¢ shows the EMD for the various models. The HE-GNN
models at R; =20 achieve the lowest EMD, which corresponds to the tra-
jectories shown in Fig. 9. As R decreases, the EMD increases for all models,
and, again, the trend is typically that increased model complexity leads to
better results. At R > 20 the local models start to perform better despite the
worse short-time model performance. This suggests that although a small
radius is better for short-time tracking, a large radius is important to capture
long-time statistics that may depend upon long-range interactions. The HE-
GNN model performs well because it splits these two effects into the local
and global graphs, and the equivariance helps by reducing the amount of
training data needed for good model performance. Furthermore, although
the EMD is close between the HE-GNN model at R; = 20 and the L-GNN
model at R; = 30 when averaged over all values of v, there are specific values
where there is a larger discrepancy. Noteably, at v =0 the average EMD is
0.4, 3.0, and 4.2 for the HE-GNN at R, = 20, the H-GNN at R, = 20, and the
L-GNN at R, = 30, respectively. At v =0 there should be no rotation, and
these EMD results highlight that only the HE-GNN approach avoids
rotation.

Finally, Fig. 10d shows the relative compute time required for each of
the models. We compute 20 steps of the ODE solver and normalize by the
computation time of the local model with a radius of R; = 5—the fastest
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model. When the radius of the local graph is small, adding the global graph
slows down the computation; however, as we enlarge the radius, the com-
putation time increases in a quadratic manner due to the enlarged area of the
circle and the main computational cost coming from forward passes of the
local graph. For example, if we compare the two models that capture the
polar order PDFs, the HE-GNN model at R, =20 (recall R, = 30 here) and
the local model at R, = 30, we see that the local model takes more than twice
as long to run, even though both models use information from the same
number of swimmers. When comparing these two models, the HE-GNN
model has better instantaneous performance, better short-time tracking,
and slightly increased accuracy in the polar order parameter while taking
less than half the time to run. This highlights the clear benefit of our HE-
GNN approach.

Discussion

Collective dynamics in which groups of agents interact with one another
often display long-range, macroscopic properties. Predicting these macro-
scopic properties can be difficult in part because the underlying dynamics of
these systems may be unknown. This makes these systems a natural choice
for data-driven modeling. However, as we have shown, care must be taken in
constructing these data-driven models; otherwise, they fail to capture these
macroscopic properties. In particular, we showed the importance of con-
structing a hierarchy of local and global graphs, and the importance of
enforcing equivariance to system symmetries (i.e., rotation and translation).
By incorporating these properties into a GNN framework, we built accurate
data-driven models to predict the dynamics of vortex clusters and a group of
microswimmers.

In the case of vortex clusters, we constructed a local graph connecting
all vortices within a cluster, and a global graph connecting all vortices
within a cluster to the mean values of neighboring clusters. We then
mapped the vortices to a rotation-translation invariant subspace, which
the GNN used to predict the velocity of the vortices. These HE-GNNs
accurately tracked the vortex centroids and conserved the Hamiltonian
for extended periods of time. We compared the HE-GNN model to a fully
connected graph that did not account for equivariance to rotations. Ide-
ally, the F-GNN should be able to perfectly reconstruct the dynamics
because it contains all of the connections from the full simulation.
However, when hierarchy and equivariance are not enforced by con-
struction, the model must learn these properties during training. Learning
these properties presents a challenge for GNN training because it requires
more data and deeper GNNs. This is a problem for GNN training because
the dataset needs to be sufficiently rich in sampling all of the different
orientations, and GNNs with more weights may be required to learn the
hierarchical and equivariant nature of the data.

Next, we applied our approach to predict the dynamics of micro-
swimmers. A few key differences between this problem and the vortex
dynamics include: the microswimmers are not in clear clusters, the
microswimmers have orientation, and the microswimmers undergo a phase
transition as the rotational mobility coefficient changes. We constructed a
hierarchy of graphs around each microswimmer in which short-range
interactions were directly accounted for, and long-range interactions were
combined. We then mapped to a rotation-translation invariant subspace by
centering on a microswimmer and rotating by the orientation of that
microswimmer. This graph structure maintained the proper polar order
parameter, whereas the removal of the hierarchy or the equivariance caused
the microswimmers to spontaneously align. Furthermore, this HE-GNN
model was also able to capture the transition from an initially aggregated
system to a swirling system, which never appeared in the training data. Even
in this microswimmer simulation, where there does not exist a clear hier-
archical structure, separating short- and long-range interactions sub-
stantially improves the tracking capabilities of GNN models. A key insight
from our work is that incorporating physical properties in the form of
equivariance and separating the influence of short- and long-range inter-
actions dramatically improves the ability of GNN models to capture long-
time dynamics in a computationally efficient manner.

We also discovered that, even though the underlying data was simu-
lated with infinitely repeated periodic boundary conditions, we did not need
to account for this in the HE-GNN to accurately capture the phase transi-
tion. Instead, by introducing additional model parameters, we were able to
identify an appropriate radius of local and global interactions. An important
consideration for the application of the HE-GNN approach for three-
dimensional flows is how to handle the difference between pushers and
pullers. This could be achieved by either inputting this information as a
nodal property with n;, or by defining separate GNNs for the different types
of microswimmers.

In these systems, the flexibility of GNNs was important. The local and
global graphs both contained a variable number of nodes in training and
testing. For the swimmers, the node count even changed when considering a
single test trajectory. Standard data-driven methods, such as dense neural
networks, do not typically handle variable input sizes. Furthermore, treating
this problem in terms of a graph was useful because it allowed us to
incorporate spatial relationships directly into the graph Laplacian.

In the future, we plan to apply this HE-GNN to collective motion with
increased complexity, such as those with leaders and followers and those
with a wider range of ordered structures. For example, Couzin et al.**
showed that simply adding a weighted preferred direction to a small subset
of individuals dramatically influenced group behavior. The HE-GNN
approach could easily account for this by including a nodal property that
accounts for how informed the individual is in n;. Additionally, the HE-
GNN approach should be applied to systems with a greater number of
ordered structures. Adding confinement to fish schools or simply increasing
individual numbers, for example, can add dynamically changing behavior in
addition to emergent behaviors such as schooling, milling, and turning®>*”".
We are also interested in exploring the effectiveness of the HE-GNN
approach on experimental data. The HE-GNN could be used to predict
when a phase transition should happen using only sparse experimental data.

Outside of applications, we also plan to explore systematic ways of
constructing the hierarchy of graphs. For example, tree structures, like those
used in the fast multipole method”’, could be used to form the hierarchy of
graphs; more than two levels of hierarchy could be used, and different
distance measurements could be used in connecting the graphs.

Methods

In this section, we provide details on how we perform graph convolutions,
account for equivariance, and generate the training for the point vortex and
microswimmer problems.

Graph convolutions
One method of performing this graph convolution is with a first-order
approximation of a spectral graph convolution”” given by

HY = o(Lx0W). (11)

Here, HV =[h,,...,hy] € RV X =[x,,...,xy] € RV L is the
renormalized Laplacian, AW ¢ R¥*% are the learnable parameters, and o
is an elementwise activation function. Our GNNs will consist of repeating K
graph convolutions ending in a linear graph convolution (or a standard
dense neural network) to map th) to df;/dt. We train the parameters in the
filters of these graph convolutions ©® to minimize Eq. (3). For more details
on the graph convolution in Eq. (11), we refer readers to Kipfand Welling””.
We use a slight variation of this method called Chebyshev graph
convolutions™. Although we select a specific GNN architecture for our
problems of interest, the methodology we outline is agnostic to this choice.

Determining the rotation angle

Mapping the agents to a rotation-invariant subspace requires a unique phase
angle. When this angle is not given by the agent, we can determine this angle
using the principal component analysis-based method used in Xiao et al.*.
This method involves computing the singular value decomposition of the
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snapshot matrix

USVT =[r, — (r),...,ry — (1)] (12)
and mapping the data to an invariant subspace using the left singular vectors
;= UT(r; — (r)). Unfortunately, due to the sign ambiguity of singular
vectors, this transformation is nonunique. In Xiao et al.®®, this problem was
addressed by considering every possible sign, concatenating all of the
resulting orientations, and using a self-attention module. This type of
approach accounts for all rotations and improper rotations (i.e., rotation
and reflection), as pointed out in ref. 39. Orthogonal matrices with a
determinant of 1 apply rotation, and orthogonal matrices with a
determinant of —1 apply an improper rotation.

Instead of accounting for all orientations, we directly address this sign
ambiguity by modifying the method in Bro et al.”’. We also choose not to
include improper rotations, although equivariance to reflections may be a
desirable property for some problems. The algorithm described in Bro etal.”
chooses the sign of the singular vectors, such that they point in the same
direction as a majority of the data points. This is achieved by computing the
sign of the singular vectors that maximize

N
S = Z sign(Ujr;) (Uzri)2 (13)

i=1

for each singular vector. With this sign, we compute the new left singular
vector as U, = sign(s;) Uy. For our purposes, this computation is sufficient
to compute a unique left singular matrix that maps all rotations and
reflections to the same invariant subspace. The algorithm presented in Bro
et al.” also includes steps to compute the sign of the right singular vectors.
However, those steps are unnecessary for our objective of disambiguating
the sign of the left singular vectors.

Lastly, we avoid improper rotations by multiplying the final singular
vector by the determinant (U}; = det(U’)U}). If the inclusion of improper
rotations is desirable, this step can be skipped. We chose to not account for
reflections so that both the vortices and the microswimmers only account
for the continuous symmetry. However, in the case of microswimmers in
two dimensions, reflections could be accounted for by replacing Uy in Eq.
(13) with the vector normal to the microswimmer direction, and deter-
mining the reflection based on the sign of s.

With this new left singular matrix, we map to the rotation invariant
subspace with £, = U'T(r; — (r)). By performing the rotation with the left
singular matrix, we can map to a rotation-invariant subspace for data that
lies in R? for any d = 2. In two dimensions, this matrix multiplication is
equivalent to performing a rotation with the angle given by
6, = atan2(U' ,, U} )), such that £; = R(=6,)(x; — (r)).

Point vortices
We generated the point vortex data by numerically solving the Biot-Savart
equation

& ZNJ y ket %) (14)

i >
dr j:1,j¢i2” Ix; — x|

where k is the out-of-plane unit normal vector. To enforce the conservation
of the Hamiltonian, we evolve this ODE forward in time using the explicit
extended phase space method described in Tao’. We opted for second-
order accuracy (Eq. (2) in Tao’") instead of fourth-order accuracy because it
conserved the Hamiltonian and reduced the computational cost. Each initial
condition was evolved for T'= 50 time units with a step size of At =0.001.
The GNN training data consisted of 200 initial conditions, which we
shuffled and performed an 80/20 split for training and validation. Each
initial condition consisted of two to five vortex clusters with 10-20 vortices
per cluster. The vortex strength of each vortex was randomly chosen with a
mean (y) = 0.1 and a standard deviation ¢, = 0.01 to match the example

considered in Nair and Taira™. Each vortex cluster consists of randomly
placed vortices within a circle of diameter Dy = 1. The center of each vortex
cluster was randomly placed within a circular region with a diameter of
10D,. We resampled the vortex cluster if it fell within a distance of 2.5D,
from another cluster. This selection was motivated by results in Eldredge™,
where he showed that a pair of circular co-rotating patches (clusters) does
not mix when separated by a distance of 2D,. We chose to increase this
cutoff due to randomly chosen positions and strengths of our point vortices
within a cluster. Empirically, we found that a separation distance of 2.5D,
did not lead to mixing over the time horizons we considered.

We performed a sweep of GNN parameters to determine appropriate
graph convolutions, layer count, width, and activation functions. The GNN
structure that provided the best performance was 5 Chebyshev convolution
layers with 3 polynomials®. After each layer, we applied a rectified linear
unit activation, and then on the final layer, we performed a Chebyshev
convolution with 1 polynomial (a linear operation). The nodal inputs are
n; € R?, the hidden nodal values are h; ) € R®, and the outputs are
o € R?. The hierarchical and HE-GNN model used the same architecture
for both the local and global graphs (with different weights), and the fully
connected model used this architecture for the full graph. We trained these
models for 50 epochs using an Adam optimizer with a learning rate of 10~
that dropped to 10™* at 25 epochs, and a batch size of 50. We used PyTorch
Geometric” for training all GNNs. Following training, we tested the model
on 50 new initial conditions. We evolved these initial conditions forward
T'=200 time units (four times longer than the training data).

Microswimmers
We generated the microswimmer data by considering self-propelled agents
that interact with one another through far-field hydrodynamic interactions
and near-field steric interactions. Typically, microswimmers are categorized
into pushers (e.g., E. coli) and pullers (e.g., Chlamydomonas) because they
exhibit different hydrodynamic interactions in three dimensions via force
dipoles in different directions’*””. Here, we consider microswimmers under
strong confinement (two-dimensional)****”®, which results in a flow sig-
nature described by vortex dipoles. Note that this differs from the force
dipole typically considered for three-dimensional microswimmers’.

The properties r,(f) of swimmer # consist of its location x,, and
orientation &,. To model hydrodynamic interactions, we treated each
microswimmer as a potential dipole that generates the complex flow field
ia

n

g€
wiz)=u, —iu, = —"——
* 4 (Z_Zn)z,

(15)

where u, and u, are the velocities in the x and y directions, g,, is the dipole
strength, and z = x + iy is the position in the complex plane. These agents
are propelled with velocity U and are repelled from each other via near-field
Leonard-Jones potential V,,. We considered microswimmers in a doubly-

periodic domain of length L, resulting in the equations of motion

T = U tu(z,) +V, (16)
d(;xt” = Re [vivield ],
where w = u, — iu, is the complex velocity, given by
N .
w= Zanp(zfzn;L)e’“". (17)
n=1

Note that w is the complex velocity of N swimmers with periodic boundary
conditions, not the complex conjugate of the potential for a single micro-
swimmer w. Here, the function p(z) is the Weierstrass elliptic function,
defined as p(z;L) =25+ Zk.l(m - Qiil), with  Qu=kL+IL,

k,1 € 7 — {0}. The translational and rotational mobility of the swimmer
areyand v. We fixy =09, U=1,and 0, = 1, and vary ve -1, 1]°".
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Next, let us discuss the physical significance of v. In deriving Eq. (16),
we approximate flagellated swimmers by a head-tail dumbbell swimmer
model”. With this approximation, the rotational mobility is the difference
between the mobility coefficients of the head and the tail v = (4pead—pean) /s
where [ is the distance between the head and the tail. A positive v corre-
sponds to a microswimmer with strong flagellar activity that rotates into the
local flow, whereas a negative v corresponds to a microswimmer with weak
flagellar activity that rotates opposite to the local flow.

The equations of motion (16) and (17) are integrated numerically using
a fourth-order Runge-Kutta integrator. The adaptive timestep is chosen to
ensure both relative error and absolute error are <1 x 10~ The initial
positions of the swimmers are chosen as an equally spaced mesh with
random perturbations of half the mesh size. The initial orientations of the
swimmers are chosen uniformly randomly from 0 to 27. The collective
behavior of this model strongly depends on the parameter v. Asillustrated in
Fig. 7, negative v leads to aggregation, while positive v leads to swirling.

Here, our training data consists of 21 trajectories of 400 micro-
swimmers, all starting from the same initial condition. In each trajectory, all
microswimmers have the same value of v (sample from [—1, 1]), and we
evolve each trajectory forward to T'=100. Time is normalized so that a
microswimmer without hydrodynamic interactions would move 1 unit
length in 1 unit time. The domain size is chosen as 60 unit length. From the
data evolved using an adaptive timestep, we sampled our trajectories on
average every 1.0 x 10~* time units with a standard deviation of 1.6 x 10~>.

From these trajectories, we shuffle and sample 2.5 x 10° graphs that we
split into a 75/25 split for training and validation. Each GNN architecture
consists of 5 Chebyshev convolution layers with 3 polynomials and a rec-
tified linear unit activation after each layer. These convolutions map the
graph inputs n; € R* (local) or n; € R> (global) to graphs with hidden
nodal values hgk) € R®, We then sample the node associated with the
central microswimmer hf)s), append v to this vector, and pass this through
three dense neural network layers to output dr/d¢t € R?. Each hidden layer
of the dense neural network is in R*, we used rectified linear units and a
linear layer on the output. We trained these models for 150 epochs using an
Adam optimizer with a learning rate of 10~ that dropped to 10™* at 70
epochs and 107 at 140 epochs, and a batch size of 50. Following training, we
tested the model on a new initial condition for each value of v evolved
forward for T'=500 (five times longer than the training data). At specific
values of v, shown in Fig. 9, we evolve trajectories forward to T'= 1000 to test
the stability of the models.

Data availability
The data that support the findings of this study are available from the
corresponding author upon reasonable request.

Code availability
The source code is available on Code Ocean at https://doi.org/10.24433/CO.
5921825.v1.
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